AN INTRODUCTION TO DIFFERENTIAL FORMS, STOKES’
THEOREM AND GAUSS-BONNET THEOREM

ANUBHAV NANAVATY

ABSTRACT. This paper serves as a brief introduction to differential geome-
try. It first discusses the language necessary for the proof and applications of
a powerful generalization of the fundamental theorem of calculus, known as
Stokes’ Theorem in R™. Further, geometry in R3 will be discussed to present
Chern’s proof of the Poincaré-Hopf Index Theorem and Gauss-Bonnet The-
orem in R3, both of which relate topological properties of a manifold to its
geometric properties. Only a working knowledge of multivariable calculus is
needed to understand this paper. All other concepts are introduced and dis-

cussed.
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We first introduce the concept of a manifold, which leads to a discussion of

differential forms, the exterior derivative and pull-back map. We then discuss
integration of forms in R™ in order to state and prove Stokes’ Theorem in R™. A few
applications of Stokes’ Theorem are also stated and proved, such as Brouwer’s fixed
point theorem. In order to discuss Chern’s proof of the Gauss-Bonnet Theorem in
R3, we slightly shift gears to discuss geometry in R3. We introduce the concept
of a Riemannian Manifold and develop Elie Cartan’s Structure Equations in R™ to

define Gaussian Curvature in R3. The Poincaré-Hopf Index Theorem is first stated
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and proved, and the concept of the Euler number is introduced in order to end
with a proof of the Gauss-Bonnet Theorem in R?. A few important implications of
the theorem are then mentioned. Most of the definitions, along with proofs of the
propositions and theorems have been adapted from Do Carmo’s Differential Forms
and Applications [1], along with Pressley’s Elementary Differential Geometry [2].

2. DIFFERENTIAL FORMS AND MANIFOLDS

We begin with the concept of a differentiable manifold. A generic theme in
differential geometry is that we associate seemingly ‘unknown’ objects, such as
manifolds, with ‘known’ objects, such as R™, so that we can study the local behavior
of the object using concepts such as differential forms.

2.1. Differentiable Manifolds.

Definition 2.1. A differentiable manifold is a set M along with a set of injective
maps fo : Uy = M, such that U, C R" are open, and:

(1) M =, fa(Ua)

(2) Forall a, B such that fo(Us)Nf3(Ug) = W # @, it must be that f; 1 (W), fgl(W)
are both open in R™. Further, f;! o fz and bel o fo are differentiable.

(3) {(fa,Ua)}, called the set of charts or coordinate systems, is maximal in
regards to both (1) (2)

In other words, an n dimensional manifold, denoted M™ is a set that locally
‘looks’ like R™. The second condition makes sure that if two coordinate systems
overlap, then points that are ‘close together’ in one system are mapped to points
that are also ‘close together’ in the other system. The last condition serves the
purpose of inducing a topology on M™, meaning that open sets on M can now be
defined using open sets in R™. From this definition, it is clear that R™ is a mani-
fold (as we can just map the topology on R™ to itself), but there are examples of
manifolds whose global properties are drastically different from R™. For the sake of
simplicity, we only look at the cases where the manifold satisfies Haussdorf’s axiom
and has a countable basidl

We will now describe the concept of the tangent space of a manifold. In the
manifold R™, so to find a tangent vector to a curve

a:I=]ab - R"

at point p € [a,b] we calculate the derivative o'(p), which is in fact the tangent
vector. However, it is not obvious how to do such a thing on an arbitrary manifold.
Note the following definition.

Definition 2.2. Take p € M™, and let « : I — M™ be smooth such that «(0) =
pE MEI and consider D = {¢ : M — R | ¢ is linear}. We define the tangent
vector to a at p as a map o/(0) : D — R defined by o/(0)(¢) = < (¢ 0 @)|1=0-

Wiew [1] for a statement of Haussdorf’s axiom and the definition of a countable basis.
2Note that for any a such that p € a(I), we can reparametrize « such that a(0) = p
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The definition of the tangent vector is intuitively the same as the one we had
for R™. In order to why this is the case, set M = R" and take a curve o : I — R"
such that a(t) = (a1(t),...,a,(t)). For any linear f : R™ — R, we can calculate
the tangent vector at «(0) in the following way using the chain rule:

) = 32 20 0

= [Xaio) ] Fa()

As desired, 4 f(a(t)) is dependent on 2.

Definition 2.3. For M™, the tangent space at a point p € M" is denoted as
T,M={d'(0) | a: I - M",a(0) =p}.

In other words, the tangent space at a point is the set of all tangent vectors at
that point. This next proposition allows for us to better understand the tangent
space at p.

Proposition 2.4. For p € M", dim(T,M™) = n. Further, if p € fo(Uys), then
span({z2- | j € [n]}) = T,M™. The set {52} is the set of partial derivative
operations of R™ with respect to f, such that %gp = 3%(90 o fa)

J J

Proof. It p € fo(U,) such that U, C R™ and p = f(0,...,0), then for a curve
a: I — M"™ with a(0) = p we have that f~1(a(0)) = (21(¢),...,2,(t)). For
simplicity’s sakeEL we conflate f~! o« with «, so that a(t) = (x1(t),...,2,(t)),z €
R™. This allows us to state that ¢ o a(t) = p(z1(t),...,x,(¢)) for all o : M — R.
We can now deduce that

d

(2.5) a'(0)p = 2 (o alli=o

(2.6) = L o(rt),. . 2l le=o

(2.7) = Z <§;/) )Ox;(O) We can now write a’(0) as:
i=0 ¢

(2.8 2(0) =Y 0) (o),
i=0 ¢

Since there are n terms in the summation, it follows that the tangent space is
n-dimensional and {z2-} is a basis for the space. O

Proposition 2.9. If M =R", then for p € R", T,(R") = R".
It is now useful to discuss the concept of orientability.

Definition 2.10. A differentiable manifold is orientable if there exists a differen-
tiable structure {(fs,Uqs)} such that for all o, 8 where f,(Uy) N f3(Ug) = W # O,
the determinant of the differential map (known as the jacobian J) of fﬁ_ Lo £, is
positive.

3This is a standard practice in differential geometry
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In other words, let F' = fB_ Yofo: Uy — Ug. It follows, by multivariable calculus,
that for p € U,, the differentiable map, or jacobian, is defined by DF(p) : T,(Uy) —
Ttp)(Uy). If det(dF') > 0 for all p, this intuitively means that the tangent spaces of
the two charts cannot have opposite orientations, and so there is a fixed orientation
at each p € M.

2.2. Differentiable Forms. Now, we can slightly shift gears to discuss forms on
manifolds.

Definition 2.11. The dual space at p is denoted as the set of linear functions
(T,M)* ={p: T,M — R}. Further we define

k
NTM)* = {p: [(T,M)]" — R}

as the set of all real linear functions that take k& elementsﬂ of T, M and are k-linear
and alternate’

The definitions of a 1-form and 0-form follow.

Definition 2.12. An exterior I-form is a function w which maps p € M"™ to
w(p) € (T,M)*.

In other words, the 1-form assigns to each point p a real linear function on M™.
We can find a basis for these forms in the following manner: we know that lo-
cally, p is parametrized by some U, C R"™ such that p € f,(U,). Consequently,
we can assign to p coordinates of R™ by the functions x; : R® — R such that
zi(f71(p)) = (f71)i(p). In other words, we project the i’th component of p ac-
cording to the coordinate chart U,. For convenience sake, we conflate f;*(p) € R™
with p € M, because we assume that we are working under a single chart U,, so
locally, f(U,) can be conflated with R™.

Consider the differential maps (via multivariable calculus) {d(x;)}. We can see
that
al‘j

d(x;)p(ej) = T 0ij

Above, the {e;} are the canonical basis in R”. Using our knowledge of linear
algebra, we can see that the set serves as a basis for (T, M)*, so we can write the
1-form as

(2.13) w = Zaidxi
i=1

Where a; : M™ — R are functions.

Such functions a; are called 0-forms. If each a; is differentiable, then w is called
a differentiable 1- form. In order to define forms of higher degree, we need to
introduce a new concept.

Definition 2.14. A wedge product of two linear functionals is denoted by A and
defined by (1 A @2)(v1,v2) = det(p;(v;)), where ¢1,¢ps € (T,M)* and vi,v2 €
T,M. By properties of the determinant, we can see that dz; A dz; = 0 and dz; A
dr; = —dxj ANdx; if i # 7.

Ty M)*]* = (T, M)* x - X (TpM)* (k-times)
5Alternate means that that if (for example) ¢ € A2(TpM)*, then @(v1,v2) = —@(v2, v1)
4



In M™, one can think of the wedge product as the area of the parallelogram
formed between (¢1(v1), p1(v2)) and (w2(v1), p2(v2)). Now, for the generic defini-
tion of a k — form

Definition 2.15. An exterior differentiable k-form is a function w which maps
p € M™ to w(p) € (N T,M)*

It also follows that we can write
n

(2.16) w= Z iy <ocig, (A2 )p A - - A (da;,)  where iq,...1, € [n]
1< <ip
Where (dzi, )p A- - A(dx;,,)p is a wedge product of 1-forms, and each ay : M™ — R
is a differentiable map. Similarly to the basis for the 1-form, one can check that
{(dzs)p N+ AN(dxsy,)p | 91, ... ik € [n]} serves as a basis for (A T,M)*
Example 2.17. If w is a 2-form on a 3-manifold, then locally in most generic form,
w = a12(d1‘1 N dl‘g) + a13(d$1 A\ dl‘g) + a23(dac2 A dl‘3)

We can more succinctly write (2.16) as

n
w= E ardxy
I

We can also naturally define wedge product between two forms

Definition 2.18. If w = > 7 ardz; is a k-form and ¢ = Y7 asdz; is an s-form,
then we define a (k + s)-form by :

WA p= Zale(d:pI Adxy)
1J
Here, the IJ sum of the product dx; A dz; is the sum of the wedge products of all
possible combinations of basis terms of each form.

Now that we have an understanding of forms, we can now relate a k-form on
one manifold to another k-form on another manifold if given a differentiable map
between the two manifolds. In particular:

Definition 2.19. Given manifolds M™ and N™ and differentiable map f: N™ —
M™, the pull-back map is defined as f* : Uy¢(, /\k(TpM”)* = Urepm) /\k(Tme)*,
such that if w is a k-form in M", then f*w is a k-form in N™ given by

(frw)P)(v1;- - o) = w(f () (dfp(v1), - - dfp(vr))
Where p € N™, vq,...,vp € T,N™, and df, : T,N™ — T, M" is the differential
map. If g is a O-from in M™ then we define
ffg=gof

Proposition 2.20. If w and ¢ are k-forms in M™, g is a zero form in M™, and
we are given f: N™ — M", then

(1) Fr(@+¢) = frwt [¢

(2) [*(gw) = f*(9)f*(w)

(3) If v1,..., 0k are I-forms on M™ then f*(p1 A+ Npr) = f*(p1) A+ A

f*(er)
We leave these proofs to the reader. It should be noted, however, that the

pullback map seems to be a reasonable definition due to these properties.
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2.3. Exterior Derivatives. Now comes an important concept, central to Stokes’
theorem:

Definition 2.21. An exterior differential of a k-form w is a k + 1 form dw, such
that if w = Y7 ardzy, then dw = >"7 d(ar) A dxy

From multivariable calculus, we know that for any O-form a; : R® — R, the
derivative of a is given as
da =
Z 70,00

which agrees with the exterior derlvatlve.
Example 2.22. If the 1-form w = zydx + 22y?dy, then:
dw = d(zy) A dx + d(z*y*) A dy
= (ydx + xzdy) A dx + (2zy*dx + 2y2z’dy) A dy
= x(dy A dx) + 229 (dx Ady)  (because dx A dz = 0)
= (2zy® — x)(dz Ady) (because dx A dy = —dy A dx)

We will now prove some minor properties of the exterior derivative to arrive at
a significant conclusion.

Proposition 2.23. (1) For any k-forms, wi,ws, d(w1) + d(ws) = d(wy + wo)
(2) If w is a k-form and @ is an s-form, then d(w A ) = dw A o + (=1)Fw Adp
(3) For any k-form w, d?(w) = d(dw) = 0.

Proof. (1) We know from multivariable calculus that for O-forms a,b : R™ — R,
that by distributivity of the derivative operator, d(a + b) = da + db. Now,
let wi =), ardxr and wy = >, brdz;. Consequently,

d(wy + w2) (Zajdx1+2b1dx1>
= (Z(aI + b;)d:cf)

I
= Zd(a] -‘rb]) ANdxg
I

= d(ar) Az + Zd (by) Adzp = d(w:) + d(ws)
I

Proving (1).
(2) Let w and ¢ be as described. By definition 1.17,

dwA )= (Zale dxl/\de))
:Zda]bj /\d.]?]/\dZ‘J
IJ
:Zd(a])bj/\dx]/\dxj+za[d(bj)/\dl‘j/\d.rJ
—Z Cl] /\dxj)/\deIJ—F Za[d l‘[ de/\d.Z‘J)

IJ
=dwA o+ (-1)fwAadp



Thus proving (2).
(3) We first prove the proposition for a 0-form. Suppose f : R® — R is a
0-form. The following must hold:

Zaxld%
Zaxj [lz
_Zzaza dx; N\ dx;

]010

oz, dmi] Adx;

o*f
= Z 63:13@ 8%% ——dx; Adz; (because dx A dy = —dy A dzx)

=0 (because =

0% f 0% f )
Ga:jxi 6.’1%8.’17]

Now, for the general case k-form, and due to (1), we only need to consider
when w = aydz;. By definition dw = day A dxy, and so

d?w = d(dar A dzxy)
= d?a; Ndxy + (—1)da; A d*xz;  from (2)
=0

d?a; = 0 from the case for 0-forms. It must be that d?w = 0 for all w.
O

Note that the exterior derivative is the generalized form of the derivative in
multivariable calculus which we can use for in wider variety of cases in the following
sense: In multivariable calculus, the derivative of a O-form in R™ is a 1 X n matrix,
which can correspond to a 1-form. Now, we can take derivatives of higher forms.
it is also interesting to note that the pullback map and the exterior derivative are
related in a straightforward but important way.

Proposition 2.24. If f : M™ — N™, and w is a k-form in N™, then d(f*w) =
f*(dw). In other words, if two forms are related by a pullback map, then their
derivatives are similarly related.

Proof. Let w: N™ — R be a 0-form in N™. In a chart, the following holds:

Fida) =1 (3 a—wdm)

= Z &u 6;_ dy; (by definition of pullback)



Now let w = )", ardx; be a k-form in N™.

fr(dw) = (Y dlar) Adar)
= Zf*(d(af) Adxr) (prop. 1.19)
=Y f*(dan) A f*(dzp)

= Z d(f*ar) A f*(dzy) (from the 0-form result)

I
=d(f* () arder)) = d(f*w)
I
Which concludes the proof. ([

2.4. Integration of Forms. Forms are also useful because we can integrate them
along manifolds. Before we discuss integration, we discuss representation of forms.

Definition 2.25. If f, : U, C R” — M", and w is a k-form in M™ defined at
P € fo(Uy,), then the representation of w at U, is w, such that

Wa = fow
Proposition 2.26. If f, : U, C R* — M", fg : Ug C R" = M™ such that
p € fa(Ua) N f3(Ug), then for any k-form w defined at p,
(f5' o fa)'ws = wa
Proof. We use the definition of a pull-back map.

(ff?l ° fa)*wﬁ(’l)h V) = wﬁ(df[;l(p))(d(fgl)p(vl)7 R d(fp;l)p(vk))
=w()((dfsodfy )plvr), .., (dfs o dfy")p(vr))
= wWa(V1, ey V)
O
Definition 2.27. Let M™ be a compact oriented manifold, and w = a(z1 .. . 2, )dz1 A
-+« ANdx, be a n-form defined on A C M™, and define K to be the support of
w given as K the closure of {p € M™ | w(p) # 0}. Since K C M, it follows

that K is compact. If K C V,, where V, = f,(U,) for some «, we then denote
wa = fE(w) = agdzy A+ Adx,, and define

/w:/ w:/ waz/aadxl...da:n
A Vo Ua

We will avoid issues of convergence by assuming that M™ is compact throughout

Proposition 2.28. The definition of integration of forms on a single chart is well-
defined. In particular, if the support K of w is contained in both Vo, = fo(Uy,) and

Vi = f3(Up), then
/ wa:/ wg
U Us
8



Proof. Due to the fact that K C V,, N V3 we can shrink V3 so that Vg = V,,. Now,
we know by 1.25 that (fg1 o fa)*wg = wq, so by definition of pull-back maps, let
F= fﬁ’1 o fa, then we have

F*wg = wq
det(dF)agdzi A -+ Adx, = wq

Where aq (Y1, .- -Yn) = ag(F1(Y1,---Yn),-- s Fn(Y1,---,yn)), and y; € Ug, y; € U,.
We also know that by the substitution of variables formula given in multivariable
calculus, it follows that

/ agdri A Ndx, = / |d6t(dF)|a[3dx1 A Ndxy,
Uq U[«j

Since M™ is oriented, det(dF') > 0, so we have that

fooom f e
Us

Suppose K of w is not covered by a single chart, meaning that there does not
exist fo(Uy) such that K C f(U,). Since K is compact, if we are given an open
covering of patches { fo(Uy)}aca of K, then there exists a finite open subcover of K
given by {fo(Ua)}acin)- We use this fact as motivation for the following definition.

O

Definition 2.29. Given a finite covering {V,,} of a compact manifold M, a parti-
tion of unity subordinate to {V;} is a finite family of differentiable real functions
{¢1,...,¢n} on M such that:

(1) Ylei(x)=1,forallz € M

(2) 0<@i(x) <1, foralxeM,ic|n

(3) For all i € [n], there exists V; € {V,,} such that the support K; of ¢; is
contained in V.

Note that if w is defined on M, the support of p;w is contained in V;. This
allows us to define the integration of a form across multiple surface patches in the
following wayﬂ

Definition 2.30. Given a finite covering {V,} of a compact manifold M, and a
subordinate partition of unity {¢1, ..., p,}, we define

fe= ) e

It follows in straightforward manner that this integral is well defined, and does
not depend on the covering. We have at present introduced and discussed most of
the language needed to understand Stokes’ Theorem.

6We will assume the existence of smooth partitions of unity without proof.
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3. STOKES’ THEOREM

Stokes” Theorem is about manifolds with boundaries, which is larger than the
class of manifolds. For example, a cylinder of radius r and length d oriented in the
z — axis is not a manifold, because, roughly speaking, the edges of the cylinder do
not locally ‘look’ like R™. However, the area around the edges does look like the
half plane, H? = {(x1,22) | #1 < 0}. This motivates the following definition:

Definition 3.1. A differentiable manifold with a regular boundary is a set M along
with a set of injective maps fo : Uy, C H" = M, H" = {(z1,22,...,2Z,) | 1 <0}
(H™ is the n-dimensional half-plane) such that each U, is open in H™. Further,

(1) M =U, fa(Ua)
(2) For all a, B such that fo(Us) N f5(Ug) = W # @, then f 1(W), fg(W) are
both open in R™. Further, f;!o fz and fﬁ_1 o f, are differentiable.

(e

(3) {Ua, fa}, is maximal in regards to both (1) (2)

The above definition is similar to that of a differential manifold, except for the
fact that R™ is replaced by H™. Intuitively, the edge of the half plane is what results
in a boundary. We can further explore this in the following proposition

Lemma 3.2. For a manifold M and p € M, if there exists a such that p =
fa(0,29,...,2,) where x; € R, then p is on the boundary of M, denoted OM.
Further, if there exists B such that p € fg(Ug), then v’ is still on the boundary, or
p= fp(0,z2,...,2y) for some zy € R.

Proof. Assume, for the sake of contradiction that there where exists a such that
p = fa(0,22,...,x,), but there also there exists /5 such that p = fg(x1/, zar, ..., Tpn/)
such that z1 # 0. If W = f,(Uy) N f3(Ug), define f : fgl(W) — f 1 (W) such
that f(z) = f3' o fg(z), for z € fﬁ_l(W). It follows that f is both bijective and
differentiable. By the inverse function theorem, f~! will take a neighborhood V C
U, such that f7!(p) € V to another neighborhood U C Ug such that fﬁ_l(p) eU.

This in turn implies that there exists points (x1,...,2,) € U, such that z; > 0,
which is a contradiction because U, C H™. Therefore, the boundary is well defined,
because it does not change with parametrization. |

The above proof suggests that the boundary of a manifold is also a manifold. To
be precise:

Lemma 3.3. Given M™ with a boundary, OM, it follows that OM is a manifold
of dimension (n-1). Also, if M™ is oriented, so is OM.

Proof. If { f,,U,} is a differentiable structure on M™, then consider { f!, U/} where
U, =U,N{(x1,...,2n) | &1 = 0}, and f, : U, — M" such that f.(z) = fo(z)
for all z € U’. Due to {fa,U.} being a differentiable structure, it must be that
{fL,U.} is a differentiable structure on M, and since 21 = 0, it follows that M
is n — 1 dimensional.

To see the orientation, we know that, by definition of orientation on M there exists a
differentiable structure { fo, Us } such that for «, § where fo(Ua)Nf3(Ug) = W # O,

(3.4) det(f 1o fg) >0
10



As in the first part of the proof, consider {f/,U.}. Due to (2.4), for all a, 8 where
FLUL) N f(U) = W' # O, it must be that det(f, ! o f3) > 0, so M is also
oriented due to the orientation of M. d

Now, we can finally state and prove Stokes’ Theorem.
Theorem 3.5. Consider a differentiable compact manifold M with boundary OM ,

and a n-1 form w defined on M. Let i : OM — M be the inclusion map, defined as
i(z) =z, for allx € OM. If follows thaﬂ

/dwz/ Fw
M oM

Proof. Two major cases arise with regards to the closed support K (of w).

(1) If there exists V = f(U) such that K C V.
Let

w:Zajd:z:l/\~~/\dxj_1/\d:z:j+1/\~'/\d9:n
J

Then,

dw = (Z(—l)j_lg;lj)dxl A Ndxy,

Now, suppose that K N dM = . It follows that by definition of the
inclusion map 1, faM t*w = 0. Since a; : U = R, we extend each a; to H"
in the following manner.

. a; (¥ ifdelU
a;(¥) = () I,

0 if e H*\U
Consider a parallelepiped Q C H", such that

Q= {[x%,x%]xx[z}l,xi]} where le <z < z?, for (z1,...,24,...,2,) € fHK)

In other words, @ is the smallest parallelepiped containing f~!(K). Note
that @ exists because K is compact (and so is f~1(K)). Therefore, we

"There is a slight abuse of notation here. In this case, we conflate w with wq, as by definition
we can only integrate weq.

11



Oa
dwz/ 1)1 =) gy dx,
/M U(jz_;( ) 896])
- . da
= (—1)371/ —\dz ... dz,
; 0 (ij>
L R e
et [ [ [ (2,
n i1 zf zi x? aaj
ZZ(—I) . (g)dlfjd,rlddfj_ldl‘j+1d$n
=1 xi xl a:]l 7
:Z( 1)J1/Q [aj(zl, gy Tn) = ai(T1, Ty T) [dey L dagorda g
j=1
=0

For the last step, it was realized that

aj(wl,...,x},...,xn) :aj(xl,...,xg,...,mn) =0
Now, consider when K N OM # (). In this case, we know that if p € M
is on the boundary, then p = f(0,x1,...,x,), for all parametrization maps
f. Thus, if

w:Zaj(:cl,...,xn)d:cl/\~~/\da:j_1 /\dl‘j+1/\"'/\dl'n
J

Then,
i*w=a1(0,...,zp)dzo A -+ ANdxy,

We construct a parallelepiped ¢ C H" similar to the previous subcase,
except that

z% < x; <0, while z; < Sxf for i > 2 where (z1,...,zi,...,Zp) fol(K)

So, as in the previous subcase, @ is the smallest parallelepiped that contains
f~YK). Now,

" i Oa;
/de:;(—l)] 1/@(83:;>dx1...dxn

:/ [al(O,...,mn) —al(mi,...,xn)}dxg...dxn
Q

n
+Z(_1)j1/Q [aj(xl,...,a:;,...,xn) —aj(xl,...,x?,...,xn)}dxl...dxj_ldxj_,_l...
=2

:/[al((),...,zn)]de...dxn (as aj(zy,...,2%, ... ,2,) =0 for j > 1,i € {1,2})
Q

= / 7w
oM

12

..dx,

dx,



(2) We can finally prove the general case. Given the differential structure
{fa,Us} on a compact manifold M, take an open covering of M {Vz}gea,
where Vg = f3(Ug) for some §. There exists a finite subcover {V,} C
{Vs}gen of M. Now let {p1...,pm} be a differentiable partition of unity
subordinate to {V,}. For an n — 1 form w, we have that ¢;w is an n — 1
form completely contained in Vj, which is the case first discussed. Since
>.;pj = 1, differentiating both sides gives us > dp; = 0. Recall that
Zj pjw = w. Using these facts, we find that:

D dlpjw) =Y dpjw+ Y pjdw
j j j
= Z(pjdw =dw
j

As a result,

O

3.1. Applications. Stokes’ Theorem appears in many forms. It is, in fact, the gen-
eralized form of the fundamental theorem of calculus. This can be seen in the first
case of the proof, when we compute [  Aw. This theorem will be central to proving
the Gauss-Bonnet theorem, but we now look at some of its other applications.

Corollary 3.6. Green’s Theorem. If M = R?, w = Pdx+ Qdy, then for the region
R bounded by the closed curve OR = C,

// @,ip dz dy*/C(de+Qdy)

Proof. By straightforward calculauon7

9Q P
d(Pdz + Qdy) = (£ - a—y)dm A dy

The result follows by Stokes’ theorem. O

Corollary 3.7. Brower’s Fixed Point Theorem for Smooth Maps. Let D™ C R"
be the ball D™ = {p € R™ | |p| < 1}, where |p| is the euclidean norm. For every
differentiable map f : D™ — D" there exists fized point, ¢ € D™ such that f(q) = q

Proof. We must first prove two lemmas:

Lemma 3.8. If M™ is a compact oriented differentiable manifold, then there exists
a differential n-from w such that every representative form is positive everywhere

on M
13



Proof. Since M is oriented, there exists a differentiable structure { f, U, } such that
for all a, 8 where fo(Uq) N f3(Ug) = W # O, the determinant of the differential
map of f~1 o g is positive. Further, since M is compact, for any open cover, there
exists a finite open subcover of M, which we denote as {V;}. Subordinate to {V;}
there exists a partition of unity {¢;}.

Now, on each V; we define w; = 1dz1 A --- A dx,. Due to orientablility, if any
elements in the covering overlap, the form will still be positive due to the positive
determinant. Since {V;} is a covering of M, w = >, p;w; is positive and defined
globally on M. 0

Lemma 3.9. For any compact, oriented, differentiable manifold M™ with boundary
OM, there does not exist a differentiable map f : M — OM such that flonr is the
identity.

Proof. By contradiction. Suppose that f: M — OM exists such that f|aas is the
identity. By Lemma 2.3, M is also oriented and has dimension n-1. Take the
(n-1)-form given in the previous lemma, w = dxy A - -+ A dz,,—1. Since dw = 0, and
floas is the identity, df*(w) = f*(dw) = 0. Also,every representative form of w is
positive, so w = i* f*(w) and

/ w:/ T (ffw) #0
oM oM
But, by Stokes’ Theorem,

So |, o @ = 0 which is a contradiction. Therefore, no such f exists. O

Now, we can prove Corollary 3.7. Suppose, for the sake of contradiction, that
there exists such a function f : D™ — D™ such that f(q) # ¢. Consider the half-line
(or a ray) starting from f(q) and passing through g. We know that only one such
line exists for each ¢, because f(q) # q. We also know that this ray will intersect
OD™ at a unique point 7 (notice that if ¢ € D™, then ¢ = r). Define g : D™ — 9D"
such that g(q) = r. It then follows that g|sp~ is the identity mapping, which is a
contradiction by 2.9. Therefore there must exist a fixed point. [

Stokes” Theorem, as we can see, can be used to prove some important theorems.
Now, in order to discuss the Gauss-Bonnet theorem in R3, we must first discuss
important concepts related to geometry in R3

4. RIEMANNIAN MANIFOLDS AND GEOMETRY IN R3
We first need to introduce vector fields, a concept similar to that of forms:

Definition 4.1. Given a differentiable manifold M, A differentiable vector field is
a function X that assigns p € M to X(p) € T, M. In other words, X is a function
which assigns a point in M to another vector in its tangent space. Recall that a
tangent vector is a function which assigns a real linear function on M to an element
of R. In order to ensure that the vector field is differentiable, we require for all
p € M and all linear ¢ : M — R that X (p)(¢) : M — R is differentiable.

14



It naturally follows that if f, : U, — M, and X; = 6%, i€ {l,...,n} is the
associated basis of the parametrization, then a vector field X in f,(U,) can be

written as
X = Z aiXi
i

Note that each vector field corresponds to a 1-form. In other words, X =", a;X;
corresponds to w = ), a;dx;.

Definition 4.2. A Riemannian manifold is a manifold M, along with a choice,
for each p € M, of a Riemannian metric inner product ( , ),, such that for any
differentiable vector fields X,Y we have that p — (X(p),Y (p)), is differentiable in
M. Hence, the inner product at p € M is defined in T, M.

From now on, we write (X (p),Y (p)) = (X,Y),. If we take M = R", we define,
for p € R™, that if z,y € T,R” where 2 = (21,...,2,) and y = (y1...,Yn),
then (z,y) = > . 2;y;, which is known as the dot product. The concept of the
inner product is useful, because we can use it to quantify similarity between the
positions of two vectors, which in turn can give us a frame of reference. The next
few definitions further this notion.

4.1. Cartan’s Structure Equations in R".

Definition 4.3. Given U C R", an orthonormal moving frame is a set of vector
fields {eq,...,en} such that for p € U, we have that (e;,e;), = d;;. Further, we

define the set of forms {w;...w,} such that w;(p) (ej(p)) = 0;; as the coframe
associated with {e;}. Thus, {(w;),} is the dual basis of {(e1),}

Recall that T,R™ C R", and ¢; : R™ — R", implying that the differentiable map
d(e;) : R® — R™ is linear. Intuitively, this map describes how the frame is rotated
as it moves from point to point in R™. It would now be useful to create forms that
relate to the differential map.

Definition 4.4. Given the orthonormal moving frame {e;} and its coframe {w;}
we define the connection forms w;; of d(e;) : R™ — R”™ such that for p,v € R”,

d(e:)p(v) =Y (wij)p(v)e;

J

dei: E Wij€j
J

Because de; is a linear map, it follows that w;; are 1-forms.

In more general terms,

Proposition 4.5. In the indices i,j, the connection forms are anti-symmetric,
meaning that w;; = —wj;.

Proof. We know that (e;, e;) = 0;;. Differentiating both sides, we get that:
<d6iaej> + <ei7dej> =0
< Zwikek, €j> + <€i, ijkek> =0
k &
wij + wj; = 0
Wij = —Wji

15



Now we can state and prove Elie Cartan’s structure equations in R”

Theorem 4.6. Let {e;} be a moving frame in U C R™, let {w;} be its coframe,
and let {w;;} be the connection forms. The following relation holds:

dw; = Zwk N\ Wi
k

dwl-j = Zwik A Wi
k
Where i,j,k € {1,...n}.
Proof. Let a; = (1,0,...,0),...a, = (0,...,1) be the canonical basis in R"™, and
let z; : U — R be such that for all y = (y1,...,yn) € U, z;(y) = y;. Since each x;
is a O-form, each dx; is a 1-form. In other words, x; projects the i’th component of
the vector. Further, dz;(a;) = 0;;. Therefore {dz;} is the coframe of {a;}. Then,

for some arbitrary orthonormal moving frame {e;} and its coframe {w;}, we have
that

(47) €, = Z ﬁijai
J
Further,
(48) W; = Zﬁl]d(ﬂj
J
Note that
(4.9) de; = Zwikek
k
(410) = Zwik(z Bkjai) = Zwikﬁkjaj (37)
k j ik
Since de; = ) ; dBija;, we have that
(4.11) dpi; = Zwikﬁkj
k
Now differentiating 3.8,
dw; = Zdﬁlj N dxj
J
= wirBrj N dx;
k
=" Brjda; A wgi
k
= Z Wi N\ Wi
k

16



Differentiating 3.11, we get the second equation:

(d/sz =0= Zdwzkﬁjk - szk} A dﬁ]k

Zdwzkﬁjk = szk A Zwksﬁsg

Wip = Zwik Awgy  (multiplying by the inverse matrix of f;;)

Therefore, in R?, the structure equations are as follows:
dwi = w1z A wsy
dws = w1 A wq
dws = w13 N\ w3z
dwiz = w1z A wa3
dwiz = w12 A w1
dwaez = wa1 A w13
Now, before we can properly discuss manifolds in R?, we must state and prove
a lemma that will be important in defining curvature in three dimensional space.

Lemma 4.12. (Cartan’s Lemma) Let V™ be a vector space (such as R™), and
{wi,...,wr | ¥ < n} be linearly independent O-forms. If there exists another set
of O-forms {p1,...,r} for which 3, w; Ap; =0, then ; = 3, a;jw;, such that
aji = ij

Proof. From linear algebra, we know that we can extend the set of linearly inde-

pendent forms to have a complete basis {w1,...,w,} of V™. Therefore, given any
form ¢;,
pi =D aijw; + ) biw;
Jj<r j>r

Let I ={r,r+1,....,n} If 3 w; Ap; =0, then

0= Zai]wi /\wj + Zai]‘Oi /\wj

Jj<r Jj>r
= E (al—j - ajl-)wl- ANwj; + E biw; A\ wy
1<j i>1

However, since ws A wy is linearly independent for s < ¢, it must be that b;; = 0.
Further, this implies that a;; = aj;. O

We now claim that the structure equations are unique, in particular,

Proposition 4.13. Consider U C R™, and let wy,...,w, be a set of differential
1-forms defined in U. Assume that there exists a set of 1-forms {wi; | 4,5 €
{1,...,n}} such that

Wiy = —Wyj; dLUj = Zwk A Wi
Then, {0} is um‘queﬁ

8We leave this proof to the reader
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4.2. Curvature in R3. Now, the manifolds that we will explore exist in R3, but
locally ‘look’ like R2. The concept of immersion crystallizes this idea.

Definition 4.14. Given a manifold M™ an immersion of a manifold M™ — R™
for some m > n is a smooth function f: M™ — R™ such that the differential df), is
injective for all p € M.

We will only be dealing with the immersion of 2-dimensional manifolds into R3.
For M? let f: M? — R? be an immersion. We then define the metric at p € M?
for y,z € T,M? as:

(y, 2)p = (dfp(y), dfp(z»f(p)

The left hand side is defined by the right hand side, which is the inner product of
R3. Now for each p € M2, there exists a neighborhood U containing p such that
flu is an immersion. Let f(U) = V. We can find a moving frame {e1, ez, e3} for
V', such that ey, es are tangent to V', and es is normal to V. We can accordingly
generate the coframe and the connected forms as given in (3.12-7).

We can also create pull-back maps, f*(w;) and f*(w;;) and create new structure
equations of M?. Observe that f*ws = 0, because, for y € T,,M,

frws(y) = ws(dx(y)) = ws(arer + azez) =0
Notice, that we can now use both 3.14 to satisfy the conditions necessary for Car-
tan’s lemma, giving usﬂ
w3 =0 = w3 A w3
d(0) =0 = wy Awiz + wa A wag

Therefore,

w13 = h1iwy + hiaws

w23 = ha1wi + hoows
with h;; being differentiable real functions on U. Now, we know that desz = wize; +

wsze2, which implies that

den — hit hio
3 ha1  hoo

We can think about the map e3 as the orientation of the immersion, as each vector
in the field points perpendicularly to the manifold. Therefore, des is a map which
describes the orientation of the planes that are tangent to the manifold. This is
what motivates definitions of curvature.

hll h12

Definition 4.15. Given p € M, such that des(p) = — [h 3
21 ha2

}, the Gaussian
Curvature K of M in p is defined as
det(deg) = h11h22 — h12h21

2
= h11h22 - h12
9For simplicity’s sake, we will now write f*(w;) = w; because U is imbedded in R3 by £, so

essentially U C R3.
18



This is due to the fact that hio = ho;. By manipulation of the structure equations
in R3, it follows that

Wi = —(huhgg — hfg)(wl A UJQ) = —K(w1 A\ UJ2>
From the definition of curvature, we can prove an important theorem:

Theorem 4.16. Given M?, if f, f': M? — R® are immersions that both have the
same induced metrics with respective curvature functions of K and K', then for all
p€ M, K =K'. In other words, the curvature is only dependent on the metric,
and not the immersion function.

Proof. We denote with a prime all of the entities related to f’. Now, forp e U C M
we can find a moving frame {eq,e2}. It follows that {df(e1),df(e2)} is the moving
frame of f(U) = V, and {df'(e1),df’(e2)} for f'(U) = V'. Due to (3.13), w1 =
wi,we = wh and wiy = wiy. Therefore
—K(w1 Aws) = —K' (W] A wh)
[

Notice that if v1, vy are linearly independent vectors at M, then wy Aws(vy,v2) =
area(vy,ve). That is why wy A we is known as the area element, as it generates the
area of the parallelogram generated by the two vectors.

Note that, given a moving frame, there must exist a unique antisymmetric 1-form
w12 that obeys the structure of equations in R3. Just take

w12(61) = dw, (61, 62)

W12(82) = dwg(el,eg)
One can check that it satisfies the necessary properties.

Our next goal is to show that this concept of curvature is intrinsic to the proper-
ties of the manifold, in particular, that it is not dependent on the choice of moving
frame. First, we must consider the choice of moving frames. if {e;,es} and {e7,e3}
are both frames with the same orientation, then

€1 = fer+gez

€ = —ge1 + fez
Where f,g : M — R are differential functions such that f2 4+ ¢ = 1. This result
comes from both linear algebra and analysis.

Lemma 4.17. At a point p € M, if {e1,ea} and {e1,€2} are both frames with the
same orientation, then

Wig = Wiz — T
Where T = fdg — gdf. Further, if K and K are the respective curvatures of the

frames, then K = K. This shows that the curvature does not depend on the choice
of frame.

Proof. As a result of f, g as defined before the lemma,
w1 = fwi — gws

Wy = gwi + fwa
Differentiating wy, we have that

dwo1 = df ANwy + fdwy — dg N\ wg — gwo
19



By structure of equations in R3, and because Wiy = —wa1,
dwi = Wiz Awa + (fdf + gdg) AN w1 + (g9df — fdg) N w2
But since f? + g2 = 1, differentiating gives us that fdf + gdg = 0 and therefore:
dwy = (W12 — 7) Aws

Similarly for ws, we find that

dwy = —(W12 — T7) Awy
Combining these equations gives us:

Wig =Wi2 — T

Now, we can calculate that dr = 0, which gives us that dwis = dwy2. Therefore,

K(wl /\wg) = K(w1 /\OJQ)
and so K = K. O

Technically 7 is the differential map of the angle function between the two frames
e; and €;. Intuitively, 7 measures the rate of change of the angle between the two
frames. Now that we have shown that the Gaussian curvature of a manifold is
remarkably independent, we can discuss the Gauss-Bonnet Theorem.

5. THE GAUSS-BONNET THEOREM

We will only prove the Gauss-Bonnet theorem for two-dimensional manifolds
immersed in R3. First, we prove an equivalent theorem, known as the Poincaré-
Hopf index theorem, and show its equivalence to Gauss Bonnet. Both theorems
relate topological properties of the manifold to its geometric properties. With
regards to topology, we would like to define the index of a vector field at a point
on a manifold.

Definition 5.1. Consider a differential vector field X defined on M. We define
p € M as a singular point if X(p) = 0. Further, p is isolated if there exists a
neighborhood V,, C M containing p that contains no other singular point.

The number of such isolated points is finite, since M is compact. We also choose
V to be homeomorphic to a disk in R?, because integration is easier. We will now
develop a topological property corresponding to an isolated point.

Proposition 5.2. Consider a differential vector field X defined on M and consider
the set of isolated points {qg € M | X(q) = 0}. Now, we define the moving frame
at Vg \ q such that (€1), = % and (€2), as orthogonal to e1 and preserving the
orientation of M. Now, arbitrarily choose another moving frame {e1,ea}. There
will consequently exist two sets of connection forms and coframes for each of the
moving frames. From lemma 3.22, W12 — wio = 7. Thus, for any closed curve C
bounding a compact region of V containing p:

/7227r]
c

Where I is known as the index of X at p.
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In order to see why this is true, note that as we start at p and travel around the
curve, each €; and e; must end up in the same place after any full rotation. This
implies that each moving frame performs a rotation of some integer of 27. Since
€; always points in the direction of the vector field, as the vector field ‘rotates,” so
does €;. Now, since 7 is the differential of the angle between €; and e;, integrating
7 along a closed curve would have to give us some integer multiple of 27, because
it would be the difference in rotations between €; and e;, which are each multiples
of 2.

Example 5.3. Below are a few examples of vector fields with different indices at

isolated singularities:
=1
[N ale
NI

s
f

Note that, when defining I, we chose the frame {e;}, a Riemannian metric, and
the closed curve C'. We will now show that I does not depend on these choices.

Lemma 5.4. The index of X at an isolated point p € M does not depend on the
closed curve C that contains a compact subset of V.

Proof. Take two such closed curves, label them Cj, Cs. Let fCl 7 = 2nl; and
/. o, T = 2ml5, and denote A as the region bounded by the two curves. By calcula-

tion, we have
271'([1—]2):/ T—/ T
Cl Cz

0A

:/ dr  (Stokes’ Theorem)
A

=0 (dr=0)
Therefore, Iy = I. If C; and C5 intersect, we can choose another curve C3 that
does not intersect either curve, and apply the above method. ([l

Now, we show that the index is independent of the choice of frame {e1,e2} in
the following way.
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Lemma 5.5. Suppose we are given a vector field X and {e;}. Consider B(r,p),
or in other words, a disk of radius r centered at an isolated point p. Let S(r,p) =
OB(r,p). The following relation must hold:

Proof. First, we must prove that such a limit exists. Choose an arbitrary sequence

/ 512,...,/ w12 ...
S(r1,p) S(7n,p)

such that lin%{rn} = 0. By Stokes’ theorem,
n—

/ 512*/ 512:/ dwis =0as ri,ry — 0
S(ri,p) S(7k,p) B(r;,p)\B(7k,p)

So, the above sequence is a Cauchy sequence. Since an arbitrary sequence was
chosen, it must be that lim L f wio exists. Let I denote this limit. Now,
r0 27 S(r,p)

/ W12 — / W12
S(r1,p) S(r2,p)

for 71,79 > 0. Fix r; and let 7o — 0. It follows that fs(rz ) @12 = 271, and so by
Stokes’ Theorem

/ W12 — 271'7 = / dwlg
S(r1,p) B(r1,p)

/ Wig = —/ K(wy ANws) + 271
S(r1,p) B(r1,p)

From Lemma 3.22, we have that Wiy = wis + 7, and so

/ w12 :/ w12 +/ T
S(r1,p) S(r1,p) S(r1,p)

= / dwio + 271
B(r1,p)

—/ K(w; /\w2)+27772—/ K(wi Awa) + 271
B(r1,p) B(r1,p)

consider

Lemma 3.22 also tells us that K (@ Aws) = K(w; Aws), and so I = 1. O

Thus, Lemma 3.22 is heavily responsible for proving the independence of the
index from the choice of moving frame.

Lemma 5.6. The index is not dependent on the metric of M

Proof. Let (,)1 and (, )2 be two arbitrarily chosen metrics on M. Define a function
dependent on ¢ € [0,1] such that

<’>t = t<a >1 + (1 - t)<a>0

It can be seen that (,) is a valid inner product on M that varies smoothly with p.
Let Iy, I;, I; be the respective indices. From the previous two lemmas, we can see
22



that I; is a smooth function. Since I; can only be an integer, it must be that I; = ¢
for all ¢ € (0,1). Therefore, due to continuity, Iy = I = I;. ([

Now we are ready to state and prove the Poincaré-Hopf Index Theorem in R3.

Theorem 5.7. Consider an oriented differentiable compact manifold M?. Let X be
a differential vector defined field on M with isolated singularities p1,...,px, whose
respective indices are I, ...,I;. For all Reimannian metrics on M,

k
/MKO' = ;27&@

Where 0 = wy A wy is the area element.

Proof. As previously discussed, in M \ |J,{p:} consider the frame where (e;), =

% and e is perpendicular to e;. Now consider the collection of balls B;, where

each p; € B;, and B; contains no other isolated point. Since Wi, = —Kw; A Wa, we

have
/ Kwi Ny = —/ dia
IV[\(U{, Bi) ]M\(Ui Bz‘)

= / w12 (Stokes’ Theorem)
Uz‘ 0B

k
=3[,
5, JOB;

In the second step above, the change in sign is due to the fact that the orientation of
M\ (U, B;) is the exact opposite of | J, B;. In other words, for each ball, the outside
of the ball has an orientation opposite to the inside of each ball. Now, from lemma
3, we know that for any frame and coframe {w;,w2} that fM\(U- Bi) Kw) Nwy =
fM\(U- By Kwi A ws. Let r; denote the radius of each B;. Due to lemma 4.4, it
must be that

lim Wi = 27‘([1

’I‘iA)O aBl

Therefore, as all of the radii approach 0 we have (for the purposes of integrating)
that M \ (U, B;) = M, and so

k
le/\wgz/ Kwi Awy = 2nl;
. M 2.2,
[l

Now, in order to prove Gauss-Bonnet, we introduce a seemingly new topolog-
ical concept of the Euler number of a 2-manifold that arises from the concept of
triangulation

Definition 5.8. Given a compact oriented 2-manifold M, a triangulation of the
manifold is a collection of curvilinear triangles {T;}, such that
W U Ti=M
(2) For all ¢ # j, T; N T} is either a vertex, an edge, or empty
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Example 5.9. For the surface of a sphere, D2, a possible triangulation is taken
from [2] and is as follows:

Proposition 5.10. Every compact 2-manifold admits a tm’angulatiorﬂ

Definition 5.11. Given a triangulation of a compact oriented 2-manifold M, let
V be the number of vertices, A be the number edges, and let F' be the number of
triangles. We define the Fuler number of the manifold to be x(M) =V — A+ F

Example 5.12. For the triangulation of the sphere as given in example 5.9, we
have that V =6, A=8 and F =4, so

(D) =V -A+F=2

At first glance, definition seems to be dependent on the given triangulation.
However, this is not true, as will be shown by the following lemma.

Lemma 5.13. Consider a compact oriented differentiable 2-manifold M. For all
triangulations on M, and for any vector field defined on M we have that

xX(M) :Zfi

Above, . I; is the sum of the indices of the vector field. Since we know that ), I;
is the same for all vector fields, it follows that x(M) must be the same for all
triangulations.

Proof. By our proof of the Poincaré-Hopf Theorem, we already know that >_, I; is
the same for all vector fields. Therefore, we just need to prove the lemma for one
vector field. Given an arbitrary triangulation of M, we define a vector field such
that the field has isolated singularities with I = 1 at the vertices and midpoints
of the edges. Further, the field also has isolated singularities with I = —1 at the
centroid of each triangle. For example, given the subset of the triangulation:

10This proof is beyond the scope of this paper, a proof is given here [3]
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As we can see, points 1 — 5 and 14 — 17 have an index of 1, while 6 — 13 have an
index of —1. Therefore ), I; = 1 = x(M), proving the lemma. O

Now, the proof of the Gauss-Bonnet theorem is almost immediate.

Theorem 5.14. Consider an oriented differentiable compact manifold M?. For
any Riemannian metric on M,

/M Ko = 2mx(M)

Proof. By the Index theorem, we already have that f v Ko = Zf 2nl;. By the
previous lemma, we have that Zf 2nl; = 2nx (M), so [,, Ko = 2nx(M). O

Now, we can more easily calculate the calculate f Ko for many objects.
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Example 5.15. For the sphere, as we had previously shown, y(D?) = 2, so
f D2 Ko = 4m.

6. CONCLUSION

The Gauss-Bonnet theorem surprisingly implies that the Euler number does not

depend on the vector field X, and the integral of the curvature with respect to the
area element does not depend on the metric. Therefore, each of these concepts are
inherent to the structure of the manifold.
Another interesting consequence of this theorem is that two compact manifolds
without boundary M? and N? are diffeomorphic, in other words, there exists a
smooth function with a smooth inverse between M? and N2, if and only if y(M?) =
xX(N?). In other words, if we can smoothly identify one manifold with another, then
their Euler numbers are the same. This proof is primarily due to Shiing Shen Chern,
who in fact used this technique to prove a generalized version of the Gauss-Bonnet
theorem that holds for higher dimensional manifolds.
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